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Some problems in connection with the incomplete gamma functions
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ABSTRACT

In this note three problems on the incomplete gamma functions are con-
sidered. Some of the results are based on earlier results of the author on

uniform asymptotic expansions for these functions.
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INTRODUCTION

The incomplete gamma functions are

X ©
1

(1) P(a,x) = ?TET-J ta'_le_t dat, Q(a,x) = 1 J ta“le"t dt.
0 X

We suppose that x and a are real, x 2 0, a > 0. In this note we consider

three problems on these functions.

(i) The first problem is concerned with the function

[oe]

_ 1 s -t
(2) e(s) = T(sr1) J t e dt,
s

which in terms of Q(a,x) introduced above is
(3) e(s) = Q(s+1,s).

It is kno;ﬂn that e(0) = 1 and that lim e(s) = %. J. VAN DE LUNE [1]
investigated the behaviour of e(s) and he proved that e(s) tends decreasing-
ly to %. From further investigations he conjectured that e(s) is convex and
possibly log convex. In this note we prove the convexity of e(s). That is

to say, we give a representation of e(s) from which the convexity follows

as a special property.

(ii) (Problem 6265, American Mathematical Monthly, 1979, p.311).

Let

n

(4) Q (x) = e T (14x+. . .+ 3;—,—), n=20,1,... .

Prove or disprove the following assertion:

If x = s, is the solution to the equation
(5) Qn(x) =1

then s, —n approaches 2/3 as n + «. (This statement will appear to be true).

(iii) (Problem 6271, American Mathematical Monthly, 1979, p.509).




For positive integers n define

a = n-1 + (n-1) (n-2) ot (n-1) !
n n n2 nn—l
(6) 2 nn-—l
b = n n + ... +

n T Y D D) @) ... (2n-1)  °

(a) Prove that, for all n =21, 0 < bn - an < 1.

(B) Prove or disprove that

lim (b -a ) = 2/3
n n

n--o

and that

bn -a - 2/3 = 0(1/n).

(The statements in (B) will appear to be true.)

1. ON THE CONVEXITY OF e (s)

The convexity of e(s) follows from the representation

T
(1.1) els) =& + j e 5 ® ¢ (g)a0

-
where ¢ en £ are non-negative functions on (-m,w). This formula will be
proved in the present section and the functions ¢,f will be given explicit-
ly. From this representation once again the monotonicity of e(s) follows. '
It shows also that e(s) is convex and log convex.

The starting point for the proof of (1.1) is the well-known series

for the incomplete gamma function, viz.

oo a+n

_ox T
(1.2) y(a;x) = e "T(a) nZO T(atntl) °

It converges for all finite a,x € € (except for a = 0,-1,-2,...). It fol-

lows from the integral



X X
-t a- - -
v(a,x) = J e ta 1dt = e x [ eT(x—T)a 1 dr
0 0

and by expanding the function eT in powers of T. Next we use Hankel's in-
tegral for the reciprocal gamma function (see WHITTAKER & WATSON ([4,p.245])
+
(0)
1 -
(1.3) 1 t -z

- 00

where the path of integration starts at -« on the real axis, encircles the

origin in the positive direction and returns to the starting point.

\’/

Figure 1. Contour for (1.3) and (1.5).

’

. . . - -z
There is a branch cut along the negative real axis, t -6 Int and

In t is purely real when t is on the positive part of the real axis. When
using (1.3) in (1.2) we first choose the contour so that for all t-values

on it we have |t| > x (we consider positive x values in (1.2)). Then we

have for a > 0

Y (a,x) -X % xa+n
(1.4) === = lim e —_— =
T (a) oo 0 F(a+n+i)
(0)
eQx at+n t, -a-n-1
= lim =— ) x et at
2mi
m>o n=0 <
0
e_x t a , -1 2 n
= lim = e (x/£)% t 7 ) (x/t)" at
2mTi
m>o - n=0
+
(0)
-X m+1
L. e t a -1 1-(x/t)
= lim S—— J e (x/t) t B vy dt
m—roe
-—00
+
—x (0)
e t a dt
To2mi { e /) v

—00




since |x/t|l < 1 on the contour. The contour cuts the positive real axis in

a point tO satisfying 0 < x < to. Next we take t = xv and we obtain
+
_. (@)
y(a,x) e~ xv -a dv
(1.5) T(a)  2mi ¢ v T

where the new contour is as in Fig.l; it cuts the real axis at the right

of v = 1. Now we return to e(s). We know that

_y(s+1,s)
T'(s+1) °

e(s) Q(s+l,s) =1

Hence we take x

s, a = s+l and we write (1.5) as

©H
_ _y(s+l,s) 1 s(v-1-1n v) av
(1.6) L-ele) =vem = 2m J © v(v-1)

-0

We now take a special contour of integration. Cauchy's theorem gives
us a lot 6f freedom in selecting a new contour. We want to take it through
v = 1 (the saddle point of the exponential function in the integral of
(1.6)) . Therefore we introduce € > 0 and we write

"

o 1 s(v-1-1n v) dv
(1.7) 1 - e(s) = lim TS e Yv-1+¢) °
e~+0 ®

Guided by the methods of asymptotic analysis we take as the new contour

(a saddle point contour, on which the phase of v-1-1ln v is a constant)

i6 6
L ={v = pe -T<B®<m, p= 155 }.
For v € L we have
i6 .
v-1-ln v = pe - 1-1np - i0 =
0 .. S .
= — (cos 6+i sin 6)-1-1n — - 160
sin 6 sin ©

no

- ¢(8).



It appears that ¢ is real on (-m,n) and that ¢ is non-negative there. For

|8] < m we have the expansion

o -1 _2n-
6(0) = I 0" 2% oney 3
=1 n(2n) ! 2n
1.2, 1 4. 1 6
=3 ) +§ge +—-—‘405 6" +...

(all coefficients are positive, B2n are Bernoulli numbers) .

The integral in (1.7) is with this contour

. 1 -s¢(6) dv
(1.8) 27i J © v(v-1+g) '
L

where 6 and v are related by v = Bctgb + 16. Each point of L corresponds

with a single point of the interval 6, and vice versa. It follows that we

can integrate with respect to 6; using p(6) = 6/sin 0,
, 1dv _dlnv _d(ln p+if) _ p'(6) . _ .
vas - as ae = otey ti=1/6-ctg b+,

and (1.7) is written (via (1.8)) as

m
L. 1 -5 (8) 1/8-ctg 6+i
(1.9) toels) = lin o J e § ctg 6+io-1te O

-7
When separating real and imaginairy parts of the integrand we write

(%-—ctg 6+i) (6 ctg 6-i6-1+€)
2

(6 ctg 6—1+e)2+6

(%-—ctg 0) (6 ctg B-1+e)+0+41i (26 ctgd -2+€)

(6 ctg 6—1+e)2+92

The real part is odd (as a function of 0) and thence it does not contribute
in the integral. Hence (1.9) is written as a real integral
T
. 1
1 - e(s) = 1lim —

2m
£-+0 -

58 5 crg 0-2+¢)

2

5 4ae
(6 ctg 6-1+€) +6




and finally we have to pass to the e-limit. To do so we consider the two

functions
™
-s¢ (6)
Fl(e) _ %_J e (6 ctg g—l) a6
(6 ctg 6-1+€) +6
ot L—S0(8)
FZ(E) = 5;'J dae

(8 ctg 8-1+¢) 2+0°

and it will appear that both limits ].ime_*0 Fi(e) exist. The integrand of

Fl(e) is bounded in the 8,¢ variables, 6 ¢ (-m,m), € 2 0, it is not con-

tinuous in € = 0, 6 = 0. To see this we write

e—s¢(6)(é ctg 6-1) ; e—s¢(6) § ctg 6-1 62

(6 ctg 6—1+€)2+82 92 (6 ctg 8—1+e)2+6

2

and it is clear that only the last fraction matters, of which the boundedness

for small 6 and € values is easily verified. It follows that

’

e_s¢(e)(6 ctg 6-1)

(6 ctg 6-1) 2+0°

i = =1
lim F (e) = F (0) = = J as.

e>0 !
The second function needs more concern. For small 6 the integrand may be

compared with 1/(52+62). We write

T o
-s¢ (0)
_ € e € -s¢ (0) 1 _ 1
Fyle) = o0 J 7~ 40+ o7 [ e { 2}de°

- 52+6 - (Sctge—1+e)2+62 62+e

The second integrand is uniformly bounded and hence the second term vanishes

in the limit € -+ 0. The first one becomes by substituting 6 = et

/e m/€e T/€

1 -séb (et) dt 1 dt 1
o e >~ 2n > " o
Zn/e 1+t “n/e 1+t /e

e—s¢(at)_1
1+t2

dt,

and by some routine analysis it follows easily that for € - 0 we obtain

.

2

_1_J at _ 1
1+t 2



.
Hence
lim F2(€) =% and 1 —e(s) =%+ F_(0)
e~>0 1
or
o™
e(s) =% + J eS8 ¢ 6y a0,
-T
6(8) = ln —2— + 1 - Betg 6
sin © ctg
£(8) = 1 1-8 ctg © .

™ (1-8 ctg 8)2+0°

It is easily seen that ¢(6) 2 0, £(8) 2 0 on (-m,m) . This proves representa-
tion (1.1).

The above analysis follows in some parts earlier work of the author
(see [2],[3]) were representations of the incomplete gamma functions as

(1.5) were used for obtaining the asymptotic expansion of these functions.

2. ON THE SOLUTION OF Qn(x) =%

Qn(x) is a special case of the incomplete gamma function Q(a,x). We

have
(2.1) Q (x) = Q(n+l,x),
and we know that
9 (0) =1, 9 (=) =0, =0 (0 =- -
Hence, the equation Qn(x) = % has a unique solution x = sn.

From (1) and (2.1) it follows that for n > 0

oo

JL.J e_t tndt = ﬁ%-[ e—n(r—ln(Tn))dT
b4 A

Qn(x)

_ /n 1 -n(t-1-1nT)
= 2—11_"* Je dr




8
. * -n+ ~% n ) +
with A = x/n, T (n) = I'(n)n (2m) e . Next we introduce n: R - R by
defining
5
2.2) n(1) = (repy|2lr=i=lnn 15
L 2
(t-1)

where the square root is positive for positive values of its argument. It
© _+ - . .

is easily seen that n € C (R ). A different way of defining n is via the

equation

(2.3) %nz(r) =1 ~-1-1n 1, sign(n(t)) = sign(t-1).

With (2.3) we obtain

2
_1
(2.4) Q (x) =V N e " ~d—1dn,
n 2m _*
z(X)
where 7(A) is defined as n, viz.

‘

(2.5) %gz(k) =A-1-1n X, A = x/n, sign(g(A)) = sign(i-1).

An expression for dt/dn follows from (2.3), i.e.,

(2.6) U 2y

dr
dt n

= T
-1

It is not possible to write this explicitly in terms of n. For small n we
have (this follows from (2.6) by substitution)
1 2 1 3

2.7) T=1+n+=—mn +

3 3Nt

In (2.4) we write the function dt/dn as dt/dn - 1 + 1, giving

(2.8) 0 (x) = ——— [ erfc(z/a/?) + R (7))
n * n
I' (n)
where
_ /o'l ~-mn” dt _
(2.9) Rh(C) = E;-J (Eﬁ' 1) dn.



9
By a partial integration we obtain, writing £(n) = %—(dT/dn—l),
[eo]
R (7) = —= [f(n) e~ N
v2mn
2 % 2
= (£(pe ™t +J £r(me ™ an},
v2Tn r
and using (2.3), (2.5) and (2.6) we infer that
T 1 A 1 1 nt
(2.11) fn) =—-=—, £(¢) =v—-= £f'n) =& - ———= .
=1 n A-1 z n2 (T_1)3
From (2.7) it follows that
=2, 1 -2 ' =L
(2.12) f(n) = 3 + 5 " +..., £(0) = 37 £'(0) = 12 -

By using the asymptotic behaviour of n as 7 - 0 or T > « (which follows

from (2.3)) it can be seen that f and f' are bounded on RY and that con-
sequently

2
(2.13) R () = 0n %" %) a5 n o

+
uniformly for all 7 € R (or, equivalently, for all X € R ). Furthermore

we need an asymptotic expansion of Rh(O). From (2.10) and (2.12) we obtain

(2.14) RO =—— 2+ L/ T Lo0wahy, n > o .
n /2—mj1“\ 3 12 2n
The function F*(n) has the well-known expansion (this follows from Stirling's
expansion)
(2.15) ™m) =1 - 4 +0mn %), n-+w.

12n

After these preparations we return to the problem of solving Qn(x) = %.
Qn(x) is replaced by (2.8) and we solve the new equation for . Since
erfc is monotone (erfc(-») = 2, erfc(0) = 1, erfc(») = 0), we conclude (by

using (2.13) and (2.15)) that for large n-values the Z-solution of the




10

equation Qn(x) =% occurs near £ = 0 (oxr A = 1, or x = n). The argument of
the error function in (2.8) should be small, hence ;/h +~ 0 as n > =, Rn(c)
is analytic in a neighbourhood of ¢ = 0 and the error function is an entire
function of 7. Hence (upon expanding the functions in ¢ in (2.8) in 7 = 0)

we have to solve the equation‘in r (where we suppose large values of n)

8

dk k dk *
< erfe(z/n/)+ ] B¢ R (2) = AT (n)

n

k

1 dzg k=0 dg

(2.16) L+
k

i ~18
hwn

where the derivatives are evaluated at ¢ = 0. From (2.7) and (2.9) it fol-

lows that RA(O) = 0 and furthermore we have
2
a - /R Tme /3l -
5 ac erfc(zvn/2) = - > © = o (at T = 0).

Hence, from (2.16) we obtain for ¢ - 0 (using the implicit function theorem)
/ n 2 *
- > T+ Rh(O) + 0(g") = %(T' (n)-1)

and using (2.14) and (2.15) we obtain

c=—%/%}(—ég+a( >)+—(-—+——-/ =+ 0(n” Ly+0(2?)

n 3

é%—+ O(n—z), n-+w,

Il

as an approximative solution of (2.16). In terms of A it reads as

A=14+n+ 0(n2) =1 + é% + O(n-z) and in terms of x we have
X =n + %-+ O(n—l), as the approximative solution of Qn(x) = %. From this
we have indeed
-1
s, =n +2/3 + 0(n ), n > o,

In the preprint version of [3] the more general inversion problem
Q(a,x) =g, 0 < g <1 is considered. For a»> » an asymptotic expansion is

constructed in the form

-1 -2
a tx.a + ...)

x(gq,a) ~ a(x0+x1 5
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and the coefficients XO'xl'XZ’x3 are given explicitly. For g = % we obtain-

ed

1 -1 8 -2
x(%,a) a(l- 3 a * 705 @ +...) .

With a = n+l1 this gives for sn an extra term in the expansion, viz.

_ 28 -1 -2
s,=n+I+tqEn + Otn “), n >

3. ON THE INEQUALITIES FOR a. AND bn

(A) b > a follows from
n n
nj (n-1) ...(n-3)
> .

(n+1) ... (n+7) o3 !

j=1,...,n-1,

2
which is proved by observing that n2 > n2 - j . The inequality bn -a <1
follows from the results in (B).

(B) It is easily shown that

oo
a + 2=n J e—nt(1+t)ndt = n!n_ne (n)
n n
1 0
b =n J (1-t)"e_ . (nt)dt, n =2,
n n-2
0
where
n Xj
en(x) = Z = n=0,1,... .
j=0 -
. . o -t a-1 -n .
We also have, introducing I'(a,x) = fx e t dt, 2 + an =n TI'(n+l,n), since

I'(n+1l,x) = n!e-xen(x). Let us write

b

1l
o]

Ot———= O\

n nt
n (1-t) e dt - En

n

(1-t) [t

- e (nt) Jat.
n-2




12

Then bn = enn—ny(n+1,n)—€n, with

X
y(a,x) = { et e = T(a)-T(a,x), a > 0.
0
Hence
(3.1) b -a =2 -¢ + e P[T(n+tl)-T(n+l,n)].
n n n .

nn' < e < 2nnn1
(2n) ! n (2n) !

Hence en = O(n_ ), n >« , for any k. This follows from Stirling's formula,
which can be written as

(3.2) rn+1) = i %are ¥, 0<e< 1, n>o0.

’

By using more terms in this expression and by using (which will be proved)

_ n -n g 2, 1 4 -3/2
(3.3) T(ntl,n) = ne [Vin/2 + 3+ 22 vam/n 355t O(n )]

we obtain for (3.1)

4

-2,
355 * 0 ).

2
- =—+
bn an 3

To prove (3.3) we write

- Ant, w20, t 21, gives

o0
T'(n+l,n) = nm.le—n J exp[—n(t—lwﬂnt)]dt, n > 0.
1
, 1 2
The transformation —u =t - 1
@

2
n+l -n —%nu2
(3.4) T'(ntl,n) = n e J e £ (u)du,
0
dt 2 1 2 2 3 4
f(u) = ol 1+ T U + T + 0(u’),

where the expansion is valid for u - 0. Standard methods from asymptotic

analysis yield (3.3).
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Next we show that

2) T'(n+1,n) > e—nnn( m™m/2 + 20, n > 0.

w

.o this we write
k4

T'(n+l,n)

N 2
e "n"[vVm/2 + n f (£(u) - 1}e ™9 g4
n

e_nnn[ nm/2 +

win

+ J e ™ g(u)dul
0

partial integration), with g(u) = é%.fi%%:l._ We prove that g(u) > 0

> 0 '
1 .

Since %ﬁ = ut/(t-1), we easily derive

3
(w) = (t-1) -tu3
9 2 3
u (t-1)

2 2 -
gw >0 if (=12 > £2/34%, or n(t) > 0, B(t) = (=12 32 (t-1-Lnt),
1. We know that h(0) = 0 and it easily follows that h'(t) > 0. Hence
>0 on t > 1, which implies g(u) > O on u > 0.

This proves (3.5). Next we use (3.2) and (3.5) in (3.1) to obtain

. 2 1
-— — + e -
5) bn a <3 V2nn[exp(12n) 1]
expression in n is monotone decreasing for n > 0. For n = 2 it equals

308... . Hence for n > 1 we have

7) b -a <24 0.1508... = 0.817... .
n n 3

This inequality can be sharpened by using exact values for bn - an

Small values of n. Inspection of the first hundred bn -a, shows that

lximum occurs at n = 21 with computed value

b21 -ay, = 0.66907...
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while our bound gives

b21 - a5 < 0.671151.

For n = 100 we computed

b100 -840 = 0.66725869...

while our bound is

b100 = 200 < 0.687564.

From these results we conclude that (3.7) can be replaced by

b - a < 0.687564, n > 1.
n n

’
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